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CYLINDERS FOR NON-SYMMETRIC DG-OPERADS VIA 
HOMOLOGICAL PERTURBATION THEORY 

FERNANDO MURO 


Abstract. We construct small cylinders for cellular non-symmetric DG-oper- 
ads over an arbitrary commutative ring by using the basic perturbation lemma 
from homological algebra. We show that our construction, applied to the A- 
infinity operad, yields the operad parametrizing A-infinity maps whose linear 
part is the identity. We also compute some other examples with non-trivial 
operations in arities 1 and 0. 


Introduction 

Cylinders are basic tools to do homotopy theory in any context. The existence 
of cylinders is guaranteed by the axioms of model categories. In cofibrantly gener¬ 
ated model categories, cylinders can be constructed out of generating cofibrations, 
but they are huge, not useful for explicit computations. In many specific model 
categories, there are nice and small cylinders for cofibrant objects, e.g. topological 
spaces (the product with the interval), chain complexes (well known), differential 
graded (DG) algebras, and connected commutative DG-algebras in characteristic 
0, see [Bau891 §1]. 

Any DG-algebra has a cofibrant resolution of the form ( T(V),d + 9), where 
( T(V),d ) is the free DG-algebra on a chain complex V and 9 is a perturbation 
of the differential d. The cylinder of such a DG-algebra is ( T(IV),d + 9/), where 
(' T(IV),d ) is the free DG-algebra on the cylinder IV of the chain complex V and 
9/ is a perturbation defined from 9 in a straightforward way, using a chain ho¬ 
motopy compatible with the associative algebra structure. The commutative case 
starts similarly, with a perturbed free commutative DG-algebra, but quickly di¬ 
verges. The differential is defined in terms of locally nilpotent derivations and 
formal exponentials, where factorial denominators appear. 

DG-operads are closely related to DG-algebras, the arity 1 part 0(1) of a DG- 
operad O is a DG-algebra. However, one of the DG-operad laws contains a switch, 

(x Oj y) oj z = (—l) l3/l|z| (cc oj z) ° i+n -i y, j < i, z € 0(n). 

Therefore, in any possible construction of cylinders for DG-operads we can expect 
some of the complications of the commutative DG-algebra case. We work with 
non-symmetric DG-operads, which avoids further switches associated to symmetric 
group actions. Unlike in the symmetric case, the category of non-symmetric DG- 
operads is endowed with a model structure over any commutative ground ring 
IMurlll [LyuTT] . 


2010 Mathematics Subject Classification. 18D50, 18G55. 
Key words and phrases. Operad, cylinder, homotopy. 


1 








2 


FERNANDO MURO 


Any DG-operad has a cofibrant resolution of the form (T(V),d + d), where 
(F(y),d) is the free DG-operad on a sequence of chain complexes V = {F(n)} n >o 
and d is a perturbation of the differential d. We construct a cylinder for such a 
DG-operad of the form (T(IV), d +di), where (X(IV),d) is the free DG-operad on 
the sequence of chain cylinders IV = {IV(n )} n >o and 9/ is a perturbation defined 
from 9 by using tools from homological perturbation theory. The definition of 9/ is 
recursive. We compute some examples in Sections [2] and [3] The most remarkable 
one is the A-infinity operad Aoo , which has the previous form. Maps from Aoo to an 
endomorphism operad correspond to A-infmity algebra structures, and homotopies 
with respect to our cylinder correspond to A-infmity morphisms whose linear part 
is the identity. 

Fresse [Fre09] defined cylinders for symmetric DG-operads arising as the cobar 
construction of a coaugmented connected DG-cooperad. The A-infmity operad 
Aoo arises in this way, it is the cobar construction of the Koszul dual cooperad 
of the associative operad. Fresse’s cylinder of Aoo coincides with ours, modulo 
symmetrization. His formulas are closed, not recursive, and work for symmetric 
operads. Our construction does not rule out operads with non-trivial operations in 
arities 0 and 1, such as the unital A-infmity operad |HM12I | Lyull IMT14j or the 
DG-operad for homotopy associative algebras with derivation ILodlOj . considered 
in Example l2.20l and works straightaway in the relative case. We actually describe 
the cylinder of a DG-operad concentrated in arities 0 and 1, observing that our con¬ 
struction generalizes the classical cylinder of DG-algebras. In the final section, we 
consider a family of DG-operads, called linear, where our formulas greatly simplify. 
This family contains interesting examples, mainly in the relative case. 


Acknowledgments. The author was partially supported by the Andalusian Min¬ 
istry of Economy, Innovation and Science under the grant FQM-5713 and by the 
Spanish Ministry of Economy under the MEC-FEDER grant MTM2013-42178-P. 


1. Cylinders 

We work over an arbitrary commutative ground ring k. The symmetry constraint 
in the monoidal categories of (Z-)graded (k-)modules and chain complexes uses the 
Koszul sign rule. Differentials have degree —1. As a graded module, the suspension 
EX of a chain complex X is (EX)„ = X n _i with differential dxx = — dx- We 
denote by a: X —> EX the degree +1 isomorphism that is the identity degreewise, 
which satisfies d-£x& = —cr dx- Therefore, given x £ X„_i we often write <r( x) for 
x itself regarded as an element in (EX) n . 

Definition 1.1. A strong deformation retraction, or simply an SDR, consists of 
two chain complexes X and Y and a diagram 

where i and p are chain maps, h is a chain homotopy from ip to the identity in Y, 
i.e. a degree +1 map satisfying 

ip — ly = dh + hd, 

and the following equations are satisfied, 
pi = l x , ph = 0, 


hi = 0 , 


h 2 = 0 . 
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A strong pseudo-cylinder of a chain complex X is a diagram 


X 


h 





■>X 


where C is a chain complex, i o, i\ and p are chain maps, h is a chain homotopy 
such that 


*0 



h 


is an SDR, and pi\ = lx- We call it a strong cylinder if (*o, ii ): X ® X —>• C is a 
cohbration in the projective model structure on chain complexes |Hov991 Theorem 
2.3.11], and hence the underlying diagram obtained by forgetting h is a cylinder 
object factorization in the model theoretic sense. 

The canonical strong pseudo-cylinder of a chain complex X is given by 


X 


hi 

^ ^ p 

=£ IX ——>■ X 


where I A', as a graded module, is 

IX = X © EX © X. 


The differential of IX is 


dix = 


and the structure maps are 

* 0 = (o), *i = (;)’ 


(d x 1 0 \ 

0 -d x 0 

\ 0 -1 d x J 


P= (hi). 



The canonical strong pseudo-cylinder is a strong cylinder if and only if X is a 
cohbrant chain complex. 


Definition 1.2. In this paper, all operads are non-symmetric. Hence, a graded 
operad or DG-operad O is a sequence of objects {0(n )} n >o equipped with structure 
maps 

0(n) <g> <D(pi) ® ■ ■ ■ <8> 0{p n )—> 0(p\ H- \-p n ), n> 1, pi,...,p„>0, 

x 0 <8> X\ ® ■ ■ ■ (g> x n ep. xo(xi ,... ,x n ), 

satisfying 

(1.3) x 0 (xi,...,a; n )( 3 /i,...,j/p 1+ ... + p„) = 

( — 1) Xo(Xi(yi, . . . , 2/pj), • • • , X n (jjp i-|-Fpn-i+l, • • • ) 2/piH-hPn)); 

where the sign is simply determined by the Koszul rule 

2 Pk 
n k =l 

e = H killz/il. 

*=2 1=1 

and an identity element id = ide> G 0(1) satisfying 

id(x) = x = cc(id,..., id). 
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We call 0(n) the arity n part of O. In the case of DG-operads, the structure maps 
being chain maps translates in the operadic Leibniz rule, 


d(xo{xi, ..., x n )) = d(x 0 )(x + x 0 {. ■ ■ ,Xi-i,d(xi),x i+ i, .. 

i=t 

which implies d(id) = 0. In xq{x\, ... ,x n ) we usually omit those Xi, 1 < i < n, 
which are Xi = id. Operads can also be definied in terms of operadic compositions, 

°i : 0(jp) <8> 0(q) — >G(p + q-l), 1 < i < p, q > 0, x o, ; y = a;(*7l, y, ?7f). 

In this case, the laws are 

X o i ( y oj z) = (x oi y) o i+j _ t z ; 

(1.4) (xo i y)o j z = (-l) M ^(xoj z)o i+n _ 1 y, j < i, z £ 0(n); 

id cq x = x = x Oj id; 

and, for DG-operads, the operadic Leibniz rule is equivalent to 

(1.5) d(x o i y) = d(x) o iy + (-l)l x| a; o l d(y). 

Definition 1.6. A strong pseudo-cylinder of a DG-operad O is a sequence of strong 
pseudo-cylinders of chain complexes 

h 

10 ^ ^ p 

O -r V ——»■ O 

11 

such that V is a DG-operad and io, i\ and p are DG-operad maps. We call it a 
strong cylinder if (*o,u): O II O —> V is a cofibration in the model structure on 
DG-operads transferred from the projective model structure on chain complexes, 
see Murlll Theorem 1.1] or Ey ull ( Proposition 1.8]. Abusing terminology, we 
sometimes say that V is a strong (pseudo-)cylinder of O. We sometimes write 
h = ho in order to avoid ambiguity. 

No compatibility condition with the DG-operad structure is required for the 
chain homotopy h. Many explicit constructions below will however satisfy ft.(id) = 
0. There seems to be no canonical strong pseudo-cylinders for arbitrary DG- 
operads. The aim of this paper is to construct nice strong pseudo-cylinders for 
a big class of quasi-free DG-operads, i.e. DG-operads with free underlying graded 
operad. Nice means that they are strong cylinders under some extra assumptions, 
like canonical strong pseudo-cylinders of chain complexes. As a toy example, we 
will start with honestly free DG-operads. 

We consider planted planar trees with leaves, that we simply call trees , and 
endow the set of inner vertices with the path order. Two vertices satisfy v < w 
if, when we draw the paths from the root to v and w, the path to v bifurcates to 
the left or is contained in the path to w, e.g. in the following tree the path order is 
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indicated by the subscripts 


(1.7) 



see [Murlll §3] for formal definitions. The arity of a vertex v is the number v of 
edges adjacent from above, e.g. in the previous tree Vi = 2, V 2 = 3, V 3 = 0, V 4 = 3, 
and V 5 = 1. We just depict inner vertices, i.e. we do not draw the top vertices of the 
leaves or the bottom vertex of the root. An inner edge is an edge which is neither 
a leaf nor the root, i.e. such that the two adjacent vertices are inner vertices. 

Given a sequence of graded modules or chain complexes V = {fo(n )} ra >0 and a 
tree T, we denote 

V(T) = ( g)F(fi). 

V 

This tensor product is indexed by the inner vertices of T, and it is taken in the 
path order. A tensor in V(T) is usually denoted by labeling each inner vertex v 
with an element in V(v), e.g. 



= xi(8>a;2(8)X3(g)a:4<8)X5 G V(T) = V’(2)®V’(3)®V’(0)®V’(3)®V’(1). 


Labeled trees are also used to denote iterated compositions in operads. There 
is only one bracketing compatible with the path order, e.g. in the previous tree 
Xi(x 2 {—,X 3 ,x^),X 5 ). This bracketing, that we call nested , is the only one with no 

...)(... 

We can nest any bracketing by iterating m- As we will next see, the previous 
labeled tree can be regarded as an iterated composition in the free operad. 

The underlying sequence of the free operad J-(V) spanned by a sequence of 
graded modules or chain complexes V is 

T(L)(n)=®L(T), 

T 

see for instance [Murlll §5]. This direct sum is indexed by the trees with n leaves. 
The natural sequence of maps V —s- FiV) is the inclusion of the direct summands 
indexed by corollas, n > 0, 


n leaves 
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The composition law o, is given by the symmetry isomorphisms V(T) ® V(T') = 
V{T Oj T'), where T o, T' is the tree obtained by grafting T' in the * th leaf of T 
(notice that the inner vertices of T o i T' are the disjoint union of the inner vertices 
of T and T'). Using labeled trees, this is just grafting up to sign determined by the 
path order and the Koszul rule. The identity element is id = 1 € V(|) = k. 

Lemma 1.8 ( [Lam93l Lemma 2.3]). Given two SDRs 



the following diagram is also an SDR, that we call tensor product SDR, 

X <E X' Y <S)Y' h®ly,+ip®h' . 

Tensor product SDRs behave well with respect to associativity constraints, so 
we can define tensor products of several SDRs by iteration without specifying a 
bracketing. However, this construction is not symmetric, so the order of tensor 
factors does matter. This is why we insisted on the path order in the definition of 
free operads. We could have equally worked with the chain homotopy h 0 i'p' + 1 y <E 
h! , but we must fix some convention, and we have decided to fix that in Lemma 

Ol 

Tensor products of strong pseudo-cylinders of chain complexes are defined by 
using tensor products of SDRs in the obvious way. The canonical strong pseudo¬ 
cylinder of a sequence of chain complexes is defined aritywise as in Definition 11.11 
The empty tensor product is the trivial strong pseudo-cylinder of k, regarded as a 
chain complex concentrated in degree 0, 


o 

, n, 

k i k- > k. 

i 

Definition 1.9. The canonical strong pseudo-cylinder of a free DG-operad X{V) 
on a sequence V of chain complexes 


hy 

n*o) jr/ p \ 

T(V) —H X(IV) ——t F{V) 

HiD 


is defined on each V(T) as the tensor product (in the path order) of the canonical 
strong pseudo-cylinders of the sequence of chain complexes V. 

The empty tensor product appears when T = |, hence /iy(id) = 0. 
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Remark 1.10. It is very easy to evaluate hy on labeled trees, e.g. 




hi(x 5 ) 


In terms of formulas, given xo £ TV (n) and x \,..., x n £ J-(IV), 

( 1 . 11 ) 


h v (x 0 (xi,.. .,x n )) = hi(xo)(xi, 


+ D- 1 ) 


E 1 I 

3=0 


iop{x 0 )(i 0 p(xi), *op(£i- 


i),/iy(xi),a: l+ i, ... ,x n ). 


i=1 

This yields a straightforward way of computing /iy on nested bracketings of ele¬ 
ments in V. This equation need not hold if Xq £ T(1V ) is an arbitrary element. 

The canonical strong pseudo-cylinder of a free operad is a strong cylinder when 
V is a sequence of cofibrant chain complexes. 


We now consider strong pseudo-cylinders on the coproduct of an arbitrary DG- 
operad and a free one. 

Given two sequences of graded modules or chain complexes, U and V, and a tree 
T, we define 

(U, V)(T) = 0 U(u)<8> 0 V(v). 

u odd v even 

The first (resp. second) tensor product is indexed by the inner vertices of odd 
(resp. even) level, and the order of tensor factors should be the path order (in the 
right hand side of the formula we have separated odd and even inner vertices for 
lack of a better notation, the isomorphism is defined by the symmetry constraint). 
In (11.71) . vi has level 1, V 2 and v§ have level 2, and V 3 and V 4 have level 3. As above, 
a tensor in {U, V)(T) is usually denoted by labeling each inner vertex u of odd level 
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with an element in U{u) and each inner vertex v of even level with an element in 
V{v), e.g. 



xi®y 2 ®X3®X4®y5 G ( U,V)(T) 


U(2)<g>V(3)<g>U(0)<g>U(3)<g>V(l). 


Given an arbitrary operad O and a sequence of graded modules or chain com¬ 
plexes V, the sequence underlying the coproduct OILF(V’) in the category of graded 
or DG-operads, see [Mur111 §5] or |Murl4i Remark 3.9], is 

(1.12) (OIIJ(k))(n)=0(O,y)(T). 

T 

This direct sum is indexed by the trees with n leaves, all of them in even level. In 
& the three topmost leaves have level 4, and the two other leaves have level 3, 
so this not an indexing tree here, but the following similar example is, 


(1.13) 



Using (labeled) trees, structure maps are easily defined as follows. The inclusion 
of the first factor O —» O H J-(V) is the inclusion of the direct summands indexed 
by corollas. The canonical map V —> O IIF{V) sends an element y G V(n) to the 
following labeled tree, 


n leaves 



y 

n 

ido 


Composition Oj is given by grafting into the i th leaf (taking into account the path 
order and the Koszul sign rule) and, if u (resp. v) is the bottom (resp. top) vertex 
of the inner edge created by grafting and v is in the j th edge adjacent to u from 
above, then contracting this inner edge and labelling the vertex obtained by merging 
u and v with the element in O obtained by applying Oj to the labels of u and v 
(this also involves a sign, according to the standing conventions, which is —1 up to 
the product of the degree of the label of v by the sum of the degrees of the labels 
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of the vertices strictly between u and v), e.g. 




Definition 1.14. Given a DG-operad 


O equipped with a strong pseudo-cylinder 


ho 



H 


and a sequence of chain complexes V, the canonical induced strong pseudo-cylinder 
of the coproduct O II Fly) 


OUT(V) 


ho,V 

io=iollJ- (io) n 

i v n t(iv) 

ii=ziILF(zi) 


p=f>LLF(p) 

-- 


o n f(v) 


is defined on each (O, V)(T) as the tensor product of the strong pseudo-cylinder of 
O and the canonical strong pseudo-cylinder of the sequence of chain complexes V. 


If O is the initial DG-operad and we take the trivial strong pseudo-cylinder on 
it (Definition 11.251) . with V = O, io = i\ = p = 1 q, and ho = 0, then we recover 
the canonical strong pseudo-cylinder of J-{V). 
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Remark 1.15. Computing hoy on labeled trees is as easy as with hy above, e.g. 



For xq £ IV(n) and X\,... ,x n £ VUJ-(IV), formula (11.111) holds, replacing hy 
with hoy. 

Formula (11.111) also holds if x$ £ V{n) and each X{ £ V II T(IV), 1 < i < n, 
is either Xi = id or x t = yj,o(y»,i, ■ ■ • ,yi lPi ) with y it0 £ IV(pi), replacing hy with 
hoy and hj with ho- 

We now consider a class of DG-operads obtained by perturbing the differential 
on a coproduct of the form Oil and define strong pseudo-cylinders for them. 

Definition 1.16. Given a DG-operad (9, a sequence of chain complexes V, and a 
sequence of degree —1 maps d: V —» O satisfying 

ddy + dod = 0, 

the twisted coproduct OUgiF(V) is the DG-operad with the same underlying graded 
operad as O II J-{V) and differential do satisfying 

d d (x) = do{x), x £ O; d d (y) = d v (y) + d(y), y £ V. 

Using the structure of the coproduct with a free operad, recalled above, it is 
straightforward to check that the differential of the twisted coproduct is unique and 
well defined by the two last equations. The following is an alternative homotopical 
argument. The first equation is equivalent to say that d is a sequence of chain 
maps from the desuspension S~ 1 V —>• O. This sequence of maps extends to an 
operad map —> O , and O II g T(V) is the mapping cone of this operad 

map. For this, we use the cone on .F(I] _1 U) obtained as the free operad on the 
sequence of usual chain cone on E -1 U. These are model theoretic cones whenever 
V is a sequence of cofibrant complexes. Hence, in that case, the canonical inclusion 
O —> O Ha J-(V) is a principal cofibration. 

A DG-operad map f: O Ug J-(V) —> Q is the same as pair formed by a DG- 
operad map fo-O —» Q and a sequence of maps of graded modules fv'.V -A Q 
such that dQfy = fydy + fod. For 9 = 0, the twisted coproduct is the plain 
coproduct. 

In the construction of canonical induced strong pseudo-cylinders of twisted co¬ 
products, we will use the following well-known lemma from homological algebra. 
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Lemma 1.17 (Basic Perturbation Lemma IBro65] ). Given an SDR 

(X,d X )^=±(Y,dy)^)h 

and a degree —1 map d: Y —> Y, called perturbation, such that d 2 + dyd+ddy = 0 
and the infinite sum E,*, = 'Yh n > 0 {dh) n d is well defined, i.e. almost all summands 
vanish when evaluated at a given y £ Y, then there is a new SDR 

i+hHooi 

(-AT, dx + pSooi) < ; ' (Y", dy + 0) ) h+hJlooh . 

p+p^ooh 


Remark 1.18. The vanishing condition is fulfilled if Y is equipped with an exhaus¬ 
tive increasing filtration 

0 = F_{Y C F 0 Y c • • • C F n Y c F n+1 Y C • • • C Y, Y = (J F n Y, 

n> 0 

such that for n > 0 

d(F n Y) c iY, h(F n Y) c F n Y. 

This implies that, if y G F n Y , then E 00 (?/) = Y^F^dhyd^y). The maps i and p 
often preserve the filtration, like h. 

Remark 1.19. The new chain homotopy h! = h + hY^h satisfies the following 
equation, 

h! = h + h'dh. 


Remark 1.20. The differential of the twisted coproduct O Ilg F(V) is obtained by 
perturbing the differential of the honest coproduct OUF(V). The perturbation do— 
donj(y), that we also call d, is the only degree —1 self-map of Oil F{V) satisfying 
8(0) = 0, the operadic Leibniz rule, and restricting to the original 9:1 aO on 
V. Applying d to a labeled tree with m inner vertices of even level, we obtain a 
sum of labeled trees with the same shape (with signs coming from the path order 
and the Koszul sign rule), one for each 1 < i < m, where all labels are the same 
except for label of the i th inner vertex of even level, which changes from y to d{y). 
These labeled trees are to be regarded as iterated compositions in ODF(V), since 
there may be adjacent labels in O , e.g. 



= (—1)I X1 I 

zioi (<9(2/2)01213) 



X3 


(- 1 )' 


znl + l 2/2 |-H^ 3 |+( 1 1/4 |—i)(|y2 1 + |^ 3 |) 


V 2 


no 4 0(y 4 ) 
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Theorem 1 . 21 . Let Ollg J-{V) be a twisted coproduct as in Definition [77711 As¬ 
sume we have chosen a strong pseudo-cylinder for O as in Definition 1 1 . 61 Then 
there is a strong pseudo-cylinder for O Hg F(V), that we call canonical induced 
strong pseudo-cylinder, 


hg 

p—pIIJ r (p) 

O II a T(V) \ V U dl T{IV) -> O Ug T{V) 


such that the degree —1 map di : V © HV ®V —» V is 

9/ = ( iod —hoild ild ) 


and 

hg = y ^{ho t ydi) n hoy, 

n> 0 

where dj denotes here the extension to V DJ-(IV) in Remark \1.2(A 


Proof. We first check the necessary equation to define the twisted coproduct V fig, 

Hiv), 


didjv + d-pdi 


f d v i o \ 

( iod —hoild iid ) I 0 — dv 0 ] T dp ( iod —hoild iid) 

\ 0 -1 d v ) 

(ioddv iod+hoiiddy—iid iiddy ) + [d-piod —d-phoiid d-piid) 

( —iodod iod—hoiidod—iid —iidod ) -(- ( iodod —dphoiid iidod ) 
( 0 iopiid—iid—hodpi 1 d—dphoiid 0 ) 

^ 0 (igp —1 — hod-p — dpho)iid 0 j 

(o 0 0 ) . 


Here we use the equations ddy + dod = 0, iop— lp = d-pho + hod-p , and pH = 1 e>, 
and the fact that io, i\ '■ O —> V are DG-maps. The perturbation equation in Lemma 
11.171 is a consequence of this. We want to apply this lemma to the sequence of SDRs 


O H F{V) < J > V H T(IV) h 0 .v 

The vanishing condition follows from the criterion in R emark 1 1.181 The sequence of 
subcomplexes F n (V H F(IV)) is aritywise the direct subsum indexed by the trees 
T with < n vertices of even level. The chain homotopy ho,v preserves filtration 
levels since it restricts to each direct summand. It is easy to see that the extension 
of dj to VU J-(IV) strictly decreases filtration levels by using the Leibniz rule and 
the facts that dj(P) =0 and di(IV) C V. 

The perturbation lemma applies, but we still have to check that the maps io and 
p do not change and that the induced perturbation on O H FfV) is 9, i.e. 

hoy^ooio = 0) pP'oohoy = 0, P^ooio = 9. 

Since djio = iod: O H T(V) A PH IF(IV), hoydiio = hoyigd = 09 = 0. 
This clearly proves the first equation. Also the third one, since it implies that 
pEoofo = pdiio = piod = d. 

The middle equation follows from pdihoy = 0, that we now check. Since 
pho = 0: V —> O and phi = 0: IV —>■ V , p applied to a labeled tree containing a 
label of the form ho{x), x £ V, or hi(y ), y £ IV , yields 0. If we apply dihoy to 
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a labeled tree in V ILF(IV), we obtain a linear combination of labeled trees, many 
of them containing labels of the previous form, except for those where the label of 
an inner vertex of even degree has changed from y £ IV to d:hp(y), but 


pdih! 


p ( iod —hoiid iid 



( 0 0 —phoiida ) = (00 —Oiida ) = ( 0 0 0 ) . 


Therefore, pdf hoy = 0. 


□ 


For d = 0, we recover the canonical induced strong pseudo-cylinder of the co¬ 
product. The differential in the canonical strong pseudo-cylinder of an element of 
the form cr(x), x £ V, is 

(1.22) da(x ) = io(x) — ii(x) — hohd(x). 

In general, the computation of hg is somewhat involved. Let us just check that 
it extends the chain homotopies of the canonical strong pseudo-cylinder of V and 
the chosen strong pseudo-cylinder of 0. 

Lemma 1.23. If V Ilg I IF (IV) is the canonical induced strong pseudo-cylinder of 
a twisted coproduct, x £ V, and y € IV, then 

hg(x) = h 0 (x), h d (y) = hi(y). 

Proof. We use Remark 11.181 and the filtration in the proof of Theorem ll.211 As an 
element of V Ho, F(IV), x £ V has filtration degree 0, hence 

hg[x) = ho,v{x) = ho(x). 

Moreover, y £ IV has filtration degree 1, so 

hg(y) = ho,v{y ) + h 0 diho,v{y) 

= My) + hodihi(y) 

= hl(y) + h.Q ( i od —hoiid ii9) {it) 

= h l(y) + (0 0 -h 2 0 i 1 da)(y) 

= hi(y). 

Here we use that h^ = 0. □ 

We finally consider strong pseudo-cylinders on DG-operads constructed as iter¬ 
ated twisted coproducts. 


Definition 1.24. A DG-operad O is relatively pseudo-cellular if it is equipped 
with an increasing filtration {Op}p< a indexed by an ordinal a, that we call length , 
which is exhaustive , i.e. O = O a , continuous, i.e. if /3 < a is a limit ordinal then 
Op = colim 7<( g 0 1 (here colim can be replaced with U), and such that if (3 + 1 < a 
then 0 / 3 +i is a twisted coproduct of the following form, 

0 / 3+1 = Op H 0/3 T(Vp). 

We say that 0 is (absolutely) pseudo-cellular if in addition Oq is the initial DG- 
operad. 


If the complexes of the sequences Vg are cofibrant for all /3 < a, then the inclusion 
0o —?> 0 is a cofibration. In particular, 0 is cofibrant in the absolute case. If the 
Vp are sequences of free graded modules with trivial differential, then 0 O —> 0 is a 
relative cell complex with respect to the standard set of generating cofibrations in 
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the model category of DG-operads, see [ Hov99| Theorem 2.3.11] and [MurIT . proof 
of Theorem 1.1]. 

Strong pseudo-cylinders are closed under filtered colimits, for both chain com¬ 
plexes and DG-operads (filtered colimits of DG-operads are computed in the un¬ 
derlying sequences of chain complexes). 

Definition 1.25. The canonical strong pseudo-cylinder of a relatively pseudo- 
cellular DG-operad O 

ho 

10 ^ p 

O —© IO ——► O 

11 

is defined by induction on the length a in the following way. If a = 0, we take the 
trivial strong pseudo-cylinder, 


O 


o 


O 

i 



+ o. 


If a is a limit ordinal, we define the canonical strong pseudo-cylinder of O as the 
colimit of the canonical strong pseudo-cylinders of Op, 0 < a. If a = /? + 1, 
the canonical strong pseudo-cylinder of O = Op II g 0 T(Vp) is defined by applying 
Theorem 11.211 to the canonical strong pseudo-cylinder of Op, 


ho=hg 0 

*o ^ p-pllj-(p) 

Op Ila, T(V 0 ) \ Wp U dfl I T(IVp) > Op Us, T(Vp), 


in particular, IO = IOp Ilg^ 7 T(IVp). 

The DG-operad IO is relatively pseudo-cellular of the same length as O and 
(IO) o = Oq. In particular, if O is absolutely pseudo-cellular, then so is IO. 

If the complexes of the sequences Vp, /? < a, are cofibrant, the canonical 
strong pseudo-cylinder of O is a relative cylinder in the model theoretic sense, 
i.e. (io, ii): OUo 0 O -A IO is a cofibration. In particular, if O is absolutely pseudo- 
cellular, its canonical strong pseudo-cylinder is a strong cylinder. 

As a graded operad, any relatively pseudo-cellular DG-operad of length a is 
O = O 0 II J-{V), V = ©g <Q Vp, and the differential on the free part is determined 
by the equations d(x) = dy p (x) + dp(x), x £ Vp. The canonical strong pseudo¬ 
cylinder, as a graded operad, is IO = Oq II T(IV). On elements of the form io(x) 
and ii(x), x £ Vp, the differential is simply given by 

dij(x) = ijd(x) = ijdv ft (x) + ijdp(x ), j = 0,1, 

since *o,*i : O —» IO are DG-operad maps. On elements of the form ax, x £ Vp, 
the differential depends on the involved inductive definition of the chain homotopy 

(1.26) da(x) = i 0 (x) - h(x) - h 0f} i\dp(x), 

see (11.221) . The chain homotopy is easy on Oq and on generators of the free part, 
as a corollary of Lemma 11.231 
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Corollary 1.27. If O is a relatively pseudo-cellular DG-operad of length a, x £ Oo, 
and y £ IV'g for some j3 < a, then 

h 0 {x) = 0, h 0 {y) = h I (y). 

In particular, ho{ id) = 0. 

The underlying graded operad of an absolutely pseudo-cellular DG-operad O 
is free, O = T(V), V = 0 /3<Q V^, since Oo is initial and hence it dissapears in 
coproducts. In order to prove a useful vanishing condition for the chain homotopy, 
we introduce the following set of linear generators of JO = IFiV) (as a sequence of 
graded modules). 

Definition 1.28. Let O be an absolutely pseudo-cellular DG-operad of length a 
as above. A standard labeled tree in JO is a labeled tree such that each label is of 
the form io(x), ii(x) or <r(x), x € Vp, jd < a. 

Lemma 1.29. Let O be an absolutely pseudo-cellular DG-operad and t £ IO a 
standard labeled tree satisfying one of the two following conditions: 

(1) The bottommost label is a(x). 



(2) The bottommost label is io(x) 



i 0 (x) 


and t does not contain any forbidden edge, i.e. an inner edge with bottom 
label io{y) and top label ii(z). 



Then, ho{t) = 0. 

Proof. By induction on the length a. If a = 0, then the chain homotopy is ho = 0, 
so there is nothing to check. If a is a limit ordinal, then ho{t) = ho^ft) for some 
(3 < a, and hop ( t ) = 0 by induction hypothesis. 

Suppose a = f3 + 1. We prove, by induction on the number of inner vertices, 
that hop,Vp(t) = 0. This clearly suffices. 
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Suppose t satisfies (1). If x £ Vp, we can write t = a(x)(x 1 ,..., x n ). The formula 
in the second paragraph of Remark 11.151 yields 

ho p y t ... ,x n )) = hi(cr{x)){x i,. ..,x n ) 

± terms of the form iop(a(x ))(..., ho p ,Vf, ( 27 ),...). 

All summands vanish since hi a = 0 and per = 0. 

Otherwise, we can write t = Xo{xi ,..., x n ). Here, Xq £ IOp is a standard 
labeled tree with the same bottommost label as t, a(x). Hence, h® 9 (xo) = 0 by the 
hrst induction hypothesis, and p(xo) = 0 since pa = 0. The formula in the third 
paragraph of Remark 11.151 yields 

(1.30) h 0fi , Vff (x 0 (xi,... ,x n )) = h O/3 (x 0 )(x 1 , ...,x n ) 

± terms of the form i 0 p(xo )(-.., ho^y^ixi ),...), 

which therefore vanishes. 

Suppose now that t satisfies (2). If x £ Vp, we can write the standard labeled 
tree as io(x)(x\, ..., x n ), where the elements Xi,... ,x n are standard labeled trees 
with less inner vertices than t. We will check that ho p ,v p (xi) = 0, 1 < i < n. 
Hence, the formula in the second paragraph of Remark 11.151 yields 

ho p ,Vf,{io{x)(xi, ■ ■ -,x n )) = h I i 0 (x)(xi,. ..,x n ) 

± terms of the form iopio(x )(..., ho l3 y fj (xi ),...), 
which vanishes since hiio = 0 . 

If the standard labeled tree xi has no inner vertices, then x t = id and ho p ,v ri (id) = 
ho (id) = 0. If it has inner vertices, let us look at the bottommost label. It cannot 
be ii(y), since it is adjancent to *o(a;) in t, and we are assuming that t does not 
contain forbidden edges. Hence it is a{y) or io(y). Not containing a forbidden edge 
is a property inherited by subtrees. Hence, does not contain forbidden edges. 
Therefore, Xi satisfies (1) or (2) and has less inner vertices than t, so hof,,v p (xi) = 0 
by the second induction hypothesis. 

If x £ Vy for some 7 < /3, then we can write the standard labeled tree as 
Xo(xi ,..., x n ), where Xq £ IOp is a standard labeled tree and, for 1 < i < n, 
either 27 = id or 27 = j/*,o(s/*,i»• ■ • iUi,Pi) is a standard labeled tree with less inner 
vertices than t where is io{y'i), &Wi) or *1 Wi) f° r some y\ £ Vp. Formula (11.301) 
also applies in this case. Hence, it sufficies to prove that ho p {x 0 ) = 0 and either 
p(x 0 ) = 0 or hof,,Vf,(xi) = 0 for all 1 < i < n. 

The bottommost label of xo is the same as in t, io(x), and xo cannot contain a 
forbidded edge, since it is a subtree of t. Hence hop(x 0 ) = 0 by the first induction 
hypothesis. For 1 < i < n, if Xi = id then we know that ho^y^ixi) = 0. Otherwise, 
let us argue with the possible values of y,^. Being a subtree of t, x t does not contain 
any forbidden edge. Hence, if y ^0 is io(y'i) or a(y' i ), hof,,v p (xi ) = 0 by the second 
induction hypothesis, since 27 has less inner vertices than t. The bottommost vertex 
of 27 is adjacent to a vertex in xq. Therefore, if y,o = *i(j/() then the adjacent vertex 
in 2^0 is a(z), otherwise t would contain a forbidden edge. In this case p( 2 ;o) = 0 
since pa = 0 . □ 


2. Examples 

We start this section on examples by illustrating how our canonical strong cylin¬ 
der construction works on the most widely used cellular DG-operad. 
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Definition 2 . 1 . The A-infinity DG-operad A 0 0 is freely generated as a graded 
operad by 

Pn £ Aoo(n) n _ 2 , 77 ^ 2 , 

with differential defined by 

d(^n)= ^ (— 1 ) p - i + q (i- 1 ) tlp0 .^ 

p+q=n +1 
1 <i<p 

Here we use the sign conventions in 1LH03I . but we should point out that 
Lefevre-Hasegawa uses cohomological grading and, modulo this, an A-infinity alge¬ 
bra ( X, mi, m 2 , ■ ■ ■, m n ,...) in his sense is an Aoo-algebra structure on the chain 
complex ( X, —mi). This DG-operad is cellular. The following result computes its 
canonical strong cylinder. 

Theorem 2.2. The canonical strong cylinder of the A-infinity DG-operad is the 
DG-operad IAoo , freely generated as a graded operad by 


i()/7n,fl/7n £ IAoo{ri)n— 2, CT p n £ I Aoo {jl)n— 1, rl 2, 

with differential determined by the fact that i 0 , i\ : Aoo —> IAoo are DG-operad maps 
and by the following formula, n > 2, 


d{ap,n) = ioPn - hUn - ^2 ( _1 ) P ^crfipOj i-ifiq 

p+q=n +1 
1 <j<P 


+ E (- 1 ) 

l<s<r 

jo +ti+jH-l-ts + js =n 


E (*fe-i)(io+ E (ti+li)) 


iotir{- J °., ap tl , A 1 ., <jpt 2 , • • •, <T(H., A 3 .). 


This theorem follows from (11.2611 and the last formula in Lemma T2.101 


Corollary 2.3. Given a chain complex X and two maps to its endomorphism 
operad ip, ip' : Aoo —> £(X), see Remark 1 2. 5\ below, which correspond with two A- 
infinity structures on X, (X, {m„}„> 2 ) and (X,{m' n } n > 2 ), respectively , ahomotopy 
H : IAoo ~> £(X) between them, Hio = ip' , Hii = ip, is the same as an A-infinity 
morphism | |LH03l Definition 1.2.1.2] 

{/n}n> 1- (X, \jTln\n>2) t (X, {m n }n>2) 
whose linear part is the identity in X, f\ = lx- 

Proof. The correspondence is simply given by m' n = <p'(pn) = H(iop n ), rn n = 
(f(pn) = H(ii/j, n ), and f n = H(ap n ), n> 2. □ 


In order to simplify computations, we use the formalism of operadic suspensions 
and brace algebras. 

Definition 2.4. Given a DG-operad O , its operadic suspension is the DG-operad 
AO such that A 0{n) = 0{n ) as plain modules, n > 0, with the following new 
grading 

|| x ||= |x| + 1 — arity of x. 

The differential is the same as in O. Compositions in AO, that we here denote by 
•i in order to avoid confusion, are defined as follows, x £ 0(p), y £ O(q), 

x »i y = (—ijlMKp-d+Mb-Lj. Q . y ) 
and the identity is the same idAo = id<p. 










18 


FERNANDO MURO 


Remark 2.5. The functor A is an an automorphism of the category of DG-operads. 
It preserves free operads, AX(V) = IF(AV), where AV is defined as above, (twisted) 
coproducts, (relatively) pseudo-cellular DG-operads, (canonical) strong (pseudo- 
cylinders, etc. It also preserves the honrotopical structure (fibrations, cofibrations, 
and weak equivalences). 

Recall that, given chain complexes X and Y, the inner Hom(X, Y) is the chain 
complex consisting of the modules Hom(X, Y) n of degree n maps /: X —»• Y with 
differential d(f) = dyf — (—l)^^fdx, in particular chain maps X —>• Y are 0-cycles 
in Hom(X, Y). The endomorphism operad of a chain complex X is 

£(X) = {Hom(X®",X)}„> 0 , 

the operation o t is composition at the z th slot, the operadic identity is the identity 
map v\g(x) = lx, and an 0-algebra structure on X is an operad map 0 £{X). 

There is an isomorphism of DG-operads 

A£{X) “ £(EX), 

defined by mapping /: X® n -A X to (-l)l / l<j/(cr- 1 )®": (SI) 8 " -A EX, n> 0. 
Therefore, an 0-algebra structure on X is the same as a A0-algebra structure on 
EX. 

The Hadamard product of two DG-operads 0 ®hP is the DG-operad with (0 ®h 
V)(n) = O(n) 0 'P(n), n > 0, compositions 

(xi 0x 2 ) °i (yi <8> 3 / 2 ) = (-l) |:E2||yi| (a;i o* y x ) ® (x 2 °i y 2 ), 

and identity ido® H v = ido 0 kbp. The operadic suspension AO can be naturally 
identified with O ®h £ (Sk). The natural isomorphism 

AO = O <8>h £ (Sk) 

maps x G 0(n) to x 0 (aip n (a~ 1 )® n ), where (p n : k 0n -A k is defined by y>„(l 0 
••■ 01 ) = 1 . 

Deflnition 2.6. A graded or DG-brace algebra is a graded module or chain complex 
B equipped with maps, called braces, n > 1, 

£j®(n+l) _s, 

Xo 0 Xi 0 ■ • • 0 X n Xo{xi,...,X n }, 

satisfying 

x{yi, ■ ■ ■ ,y p }{zi,...z g } = ^2 {- l Yx{z 1 ,...,z il ,yi{z i i + i,...z jl },... 

0<ii<ji<-<i p <jp<q 

■ ■ ■ > yp{ Z ip+ 1> ■ ■ ■ Z jp }! Z jp+ 1) ■ ■ ■ Z q}- 

The sign (—l) e is simply determined by the Koszul sign rule, 

P ik 

-EE \Vk\\zi\. 

k —1 l-l 

In the DG-case, the fact that braces are chain maps is equivalent to the following 
brace Leibniz rule: 

” zEl 

d(x 0 {x 1 ,... ,x n }) = d(x 0 ){x 1 ,.. ,,x n } + 2^(-l)*-° x o{xi, ■ ■ ■,d(xi ),... ,x n }. 

i= 1 
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Remark 2.7. If O is a graded or DG-operad, then ©„> 0 0(n) has a brace algebra 
structure defined as follows. Given Xq, ■ ■ ■, x n GO, with x 0 € 0(m), 

X 0 {X1 ,...,X n }= ^ Xl, .l 1 ., X2, . 

i 0 H-)- in=m—n 

Note that a"o{xi,..., x n } = 0 if n > m, since the summation is empty in this case. 
Remark 2.8. The DG-operad A.A 00 is freely generated as a graded operad by 

Pn G (A.A 00 ) (n) _i, 71 ^ 2, 

with differential defined by 

d(Hn) = h P {hq}- 

p+q=n+1 

This is a cellular DG-operad with Ayfo = AAi the initial DG-operad and, for n > 2, 

A An — AAn — \ U^n — i *E(k ■ /In): Hn — l^Pn) — df}l rj ). 

Here k • //„ denotes the sequence of graded modules freely generated by fi n in arity 
n and degree —1 endowed with the trivial differential. 


Remark 2.9. The chain homotopy hy of the canonical strong pseudo-cylinder of a 
free DG-operad J-(V) is well behaved with respect to braces. Given xq G IV and 
xi, ■ ■ ■ ,x n G F{IV), 

hy{x 0 {xi ,... ,£„}) = h I (x 0 ){x 1 ,.. ,,x n } 


+ I> 1 > 


i — 1 


£ M 

3=0 


'iop(xo){iop(xi),..., iop(xi- 


i=1 


1 ) 5 dy {Xi ) , Xi-\-i , . . . , X n }. 


This follows from Remark 1 1.101 

The chain homotopy ho,v of the canonical induced strong pseudo-cylinder of a 
coproduct O H T(V), see Definition 11.141 satisfies the previous formula if xq G IV 
and xi,... ,x„ G V H J r (IV), replacing hy with hoy. Also if Xq G V and each 
Xi G P U J(/V), 1 < i < n, is either x, = id or Xi = J/i,o{j/i,i? • • ■ > Ui,Pi} with 
Uifi G IV, replacing hy with hoy and hj with ho- This follows from Remark 1 1.1 51 


The following lemma contains the formulas which prove Theorem l2.21 The first 
technical series of formulas is auxiliary. What really matters is the last one. 


Lemma 2.10. The following equations hold in IAA n , 

hAAn (*o Pr{- ■ ■ , CMti j ■ ■ • j &Ptj _11 ■ ■ ■ j ilpqi • ■ • i ®htj , ■ ■ ■ , &Pt a >■••)) 

= h\A n -i,k-ii n {the same element ) for n = max{r, q, t \,..., t s }, 

= *oAV(- • ■ j i ■ ■ • ) 1 • ■ ■ ) VPqi ■ ■ ■ i ^htj ) • • ■ ) , ■ ■ ■ ) 

(2.11) if ti,..., tj-i > r > q, 

or ifti,..., tj-i > q > r and q < tj,..., t s ; 

= 0 otherwise; 


hAAnild(lJ-n+l) 


E oihA'hhq} 

p+q=n +2 


E 


ioPrWPt,,- ■ .,C7Ht e }. 


l<s<r 

t±-\ -|-t s =n+l+s— r 
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Proof. We simultaneously prove all equations by induction on n. Notice that there 
is nothing to check for n = 0,1. Take a bigger n and assume that the formulas are 
true for smaller values. We start with the first series of equations. For the sake of 
simplicity, let us denote 

X = io/J, r (• ■ ■ ) O’/it j , ■ • ■ , <> • ■ • > *l/Xg > ■ • • ! O ’Ptj ; ■ • ■ 1 ,...). 

If n > r, q 1 then n is reached at some of the Us. Hence, 

X — io/^r(- • • ; •••)(■••) O/X^, . . . , (7/i n , • . • ), 

where iop r {- ■ ■, *i/Xg, ■ ■ ■) has been obtained by removing all crfj, n s from x. There¬ 
fore, by Remark 11.151 

^AAn—i.k-fin (*^) ^AAn—i (xo/Xr(- • • 5 H/ig, ...))(..., CT/X„, . • - , U/i n , . . . ) 

+ ^2 *0P(*0Mr(- • • , Hflq, ...). 

We do not index the summation since all terms vanish anyway (recall that hjcr = 
0). The maximum subscript in iop r (-.., iifi qi .. ■) is smaller than n. Moreover, 
ioli r (- ■ ■, iiHq, ■ ■ ■) satisfies assumption (12.111) if and only if x does. Therefore, 
using the induction hypothesys, we obtain that 

h-AAn-i ,k-/z n (*^) — 'i'OUr (• • • ) O/Xg ,...)(..., CT[In ; ■ • • ) O/Xn , - - - ) 

= * 0 /Xr(- • ■ 1 O/Ztj , • ■ • , O’j ■ ■ ■ 1 &Pq: ■ ■ • 1 ) • • • ) &Pt B ) ■ ■ ■ ) 

if (12.111) holds, 

= 0 otherwise. 

If q = n > r and there is some U < n, then 

X — ioUr(. ■ • ; O/Xfj(X/X n , . . . , iifln, . . . , < 7 fj. n , . . . ), 

where xo/x r (. ■ •,cr/xq,...) has been obtained by removing i\/i n and all crp n s from 
cc. By Remark 1 1.1 51 

^AAn-i ,1k-/i n (*^) = ^AAn-i (xo/Xr (• • * > O" Mti 5 ■■*))(•■ ■ ) O/Xn; • ■ ■ j X 1 Pn , • • • > O/Xra5 • * ■ ) 

- ioP(ioPr(- ■ ■, o/x ti , • ••))(•••) 

= 0. 

The first term is 0 by Lemma fl.291 (2). The summation vanishes since pa = 0. In 
this case (|2.1ip cannot hold. 

If g = ti = • • • = t s = n > r, then by Remark fl. 151 

^AAn-i ,k-/x n (*^) — ^AAn-i (J'O ftr') • • 5 • • • 5 • • • 5 • • • ) 

^ ^ ^0.p(^0/^r ) (• • • 5 • • • 5 ^1 • • • 5 • • • ) 

^0P(^0/^r)(- • • ? ^0 P&l^m • • • 1 hji l/in? • • • 5 • • • ) 

+ ^ *0P(*0A t r)(- • • , ioPVUn, ■ ■ • , ioPhP-n, • • ■ , h^Pn, ...). 

Using that /iaa„-i*o = 0, /i/o = 0, and per = 0, we see that all factors vanish unless 
i\Hn is the first element in the brackets in a;, i.e. j = 1. In that case, there is a 
single non-vanishing term: 

^AAn — i .k.-fi n (*e) — XoPo^'O (/Xr ) (■ - • j hplUm ■ ■ * j &Pn ? • • ■ ) 

— Xq (/X r ) (• * * ; 0"/Xn j - * * 5 O/Xn >•••)* 
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If r = n, Remark Tl.151 also applies directly, and using Corollary II .271 

^AA-n — i (*^) — (• • • 5 & ftti •)••••) _15 ■ ■ • 5 'i'lfAq i • • • 5 ^ l^tj ? • • ■ > ®[It s 1 • • • ) 

- X! *OP*o(Mn)(- ■ ■ , > • • ■ , H/V ■ ■ ■ ) 

- ioP*o(Ai)(- • •, iopcr^ti , • • •, hiiifiq ,...) 

+ *oP*o(Mn)(- • •, ioPoHPq, • • ■) hianti, ■■■)■ 

Using again that /ij*o, hja = 0, and per = 0, we deduce that all terms vanish unless 
ziPq is the first element in the brackets in a;, i.e. j = 1. In that case, there is again 
a single non-vanishing term, 

^AAn-i .k-/x n (*£) = 'i'OP'i'oiPn)^- • • > hlilPqi ■ * • j GPtx i • • • i &Pt s 7 ■ ■ • ) 

= *o (pn)(- ■ • > CT/Zq,, ■ • ■, er/i^j,..., <7/rt s 

We have finally established the formula for /iAA l _ 1 ,k-M»( a: )- Let us see that 
it concides with Iiaa„( x )- Using the induction hypothesys for the formula of 
^-AX„_i*id(pn), we see that d n -\jhAA n -x,k-p. n { x ) is a linear combination of stan¬ 
dard labeled trees satisfying the hypotheses of Lemma Tl. 291 (2). Therefore, 

tlAAn 9n — l,IhAAn-lX-Hn ( X ) — O' 

This implies h,AA n ( x ) = h,AA n -i,k-fi n (x) by Remark 1 1.1 91 

We now attack the final formula. In order to apply fiAA n , we divide i\d(p n +i) 
in two three blocks, according to the parity of n, 

iid(p, n+ 1) = ^ iiPp{iiPq} + ^2 iiP P {iiPq} 

p+q=n +2 p+q=n+2 

p<q p>q 

+ iiPf+i{*iM^+i} if n is even, 

which will be consiered in this order. 

If p < q , iip p {iiPq} € IAA q is in filtration degree 1, hence 

hAA n (hPp{i\Pq}) = h-AA q (iiPp{iiPq}) 

(2.12) + hAA q -i9q— ljh-AAq-i ,k-p q (iiPp{iiPq})- 
By Remark 12.91 and Corollarv ll.271 the first summand is 

^AAg — i ,k-p q (^lPp{^lpqJ) — ^AAg — i^lpp{^lPq} P'p {h/f 1 P j q } 

(2.13) = PPp{ilPq} - ioPpWpq}. 

Let us see that (12.121) = 0. If we apply d q -\j to the summands in (12.131) . we obtain 

d q -ij(anp{iin q }) = ap p {iid(p q )}, d q -ij(i 0 p P {crp q }) = ioPp{liAA q -iiid(p q )}. 

The first element is a linear combination of standard labeled trees as in Lemma 
11.291 (TL Moreover, using the induction hypothesis for hAA q -ihd(p q ) we see that 
the second term is a linear combination of standard labeled trees as in Lemma 1 1.2 91 
(2). Therefore, this lemma proves that 

hAA q -A<xp P {iid{p q )}) = 0, 


hAAg-xiioPpihAAq-xhdiPq)}) = 0 . 
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If p > q , iin P {iii-iq} £ IAAp is in filtration degree 1 and 
hAA n (iili P {iiliq}) = 

^AAp-i ,k-p p (*lMp{*lMg}) 

(2.14) T /lAAp-i dp— 1,/^AAp-i ,k-/x p (U^p{UAU}) ■ 

As above, 


h-Ap- i,k-/ip (*i/x p {*i/r g }) = MiMp{*iMg} - «oFiiM P {^AAp_i«iM 9 } 

(2.15) = CT/Up^i/iq} - *o/r p {cr/rq}. 

In this case, (12.141) need not be 0. Using the induction hypothesis for hm\ Lp _ 1 i\d{^ p ), 
we see that d p -\j of the two summands in (12.151) is 

d p — 1 ; /(ioA^pl^Au!) — 

d p -ij(a^p{iin q }) = - hAAp-Aid^p)^!^} 
k+l=p-\-l 

+ 5Z *0 Mr{0’Mt 1 ,---,0'/Xt s }{*lMg}- 

l<s<r 

tiH-hi s =P+s—r 

The brace relation yields 

CT/LtfcinwHUMg} = iiAtg} + cr/r fc {iiAi/{*lAtg}} 

- cr^fc{ii/r g ,ii/Lt/}, 

S 

i 0 Hr{an tl ant B }{*iM g } = 5Z *oMr{- ■ •, crfi tj {im q }, ■■■} 

j=i 

s+l 

+ 5Z *oAb-{- • •, GUtj- 1 , hltq, , - • ■ } if s < r, 

i=i 

see Remark [2~T1 
By Lemma Tl. 291 


hKA p -i{vVk{hm}{hHq}) = 0, ft-AAp_i(*0^r{- ■ •,o'/x t3 .{iiAtg}, ...})= 0. 

Moreover, by the first series of equations in the statement, already checked up to 

n, 


d AAp-i (^0Mr{- • ■ j &fJ'tj — i , tj 


If n is even, by Remark 11.191 


-ioVr{- ■ ■, , c^g, crii tj ,... } 

if ti,.. .,tj -1 > r >q, 
or if ti,..., tj -1 > q > r 
and q < tj,... ,t s ; 

k 0, otherwise. 


/lAA„(*lMf + l{*lMf+l}) = h-AAn ,k- M n +1 (*lMf + l{*lAtf + l}) 

+ ^AAn +1 %j/U.4 f ,kgx f+1 (U/^ + l{HMi+l})- 
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The first summand is computed as in the previous two cases, 

*AAn,k- A1 n +1 (*lAif+l{*lMf + l}) = MiM$+i{*iM$+i} - *OP*lMf+l{MlMf+l} 

= 0-/Un + i{ii/in + i} - i 0 /in + 1 {(T/Z5 + 1 }, 

Let us check that the second one vanishes. We have 

9f,i(»o/if+i{ff/i^+i}) = M(Mf+i){cqxf+ 1 } + +i)}> 

dnj(a/J,n +1 {i 1 IJ,n +1 }) = -/l A .4 „ *1 d([l £ + 1 ){»l/i f + 1} + CT/i «+1 {i 1 "+1) } . 

Clearly *o<i(p.|.+i){0'A ( f+ 1 } and are linear combinations of stan¬ 

dard labeled trees as in Lemma Tl. 291 Using the formula for /i A-An iid(/j, 2 .+i), that 

we know by induction hypothesis, we see that *oAt"+i{^AAn *irf(/xa+i)} too. There- 

2 2 2 

fore, 

/iA^„ +1 (*od(Mf+i){o-/if+i}) = 0, ^A^n +1 (*0Mf+l{/lUd(Mm)}) = 0, 

^-AA t+1 (cr/i 5+ i{iid(/r« + i)}) = 0. 

Moreover, 

h A Aniid(n%+i){iiH%+i} = 

P+<7=§ +2 

(2.16) - 51 ioMr{o-/Z tl ,...,(7/i ta }{*i/U5+l}. 

l<s<r 

£lH h^s — + S — 7* 

Using the brace equation, we can check as above that <7/q,{ii/Aj}{UA t f+ 1 } is a linear 
combination of standard labeled trees as in Lemma ri.291 fib so 

/l AA t+1 (c r Aip{nMg}{*ib^+i}) = 0- 

Furthermore, the summands in (12.16[) are 

S 

b)/Cr { C"//,, , . . . , (7 [it s }{®1 M J + l} = 5 ' *0/^r{. ■ ■ , {*lMf+ 1 } 1 ■ • ■ } 

.7=1 

s+1 

(2.17) +5]*0/Ur{---,O’Mt3_ 1 ,U/Uf+l,O-Mt3,---} if s < r, 

.7=1 

see Remark 12.71 Here, ... } is a linear combination of stan¬ 

dard labeled trees as in Leinma ll.291 ('21. so 

^AA f + 1 (*oM- • ■ , 07 i ti {*!//»+1}, ■•■})= 0. 

Looking at the index of the summation in (12.161) . we see that, in (12.171) . r,*i,.. .,t s < 
Therefore, by the first series of equations in the statement, already checked up 
to n, we see that 


h AAn +1 (*o/u{- ■ •, cr/x tj ._i, (TH tj ,...}) = 0 . 
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Collecting previous equations, we obtain 
hhd(nn+i) = ^2 (ap p {iip q } - ioli p {<jp q }) 

p+q=n +2 

(*) 

r--*-v 

r— 1 s +1 

- E EE E lOflr {• • • 5 O’fltj— 15 O flq , O fit j 

£>+<7=71+2 s=l j —1 tiH-hi s =p+s —r 

p>q and either 

ti,...,tj — i>r >q 
or 

t 1 ,...,t j _ 1 >q>r 
and tj ,...,t s >q 

Now, it is enough to check that 

(2.18) (*) = E 

2<s<f 

*l-t-Ks=TO+l+«— f 

The summand in (*) corresponding to certain p,q,j,r,s,t\,... ,t s is the same as 
the summand on the right hand side of (12.1811 corresponding to 

f = r, s = s + 1 , U = ti for 1 < i < j, tj = q, U = t*_i for j < i < s. 

Obviously s = s + l > 1 + 1 = 2; s = s + l < r — 1 + 1 = f; and, using that 
p + q = n + 2, 

tiH- bts=£iH-bf s +g=p + s — r + g = n + l + s + l — r = n + l + s — f. 

Consider now a summand on the right hand side of (12.181) . corresponding to 
certain tg. Suppose that some U is smaller or equal than f. Let j be the 

smallest value 1 < j < s such that tj < f, in particular +,..., ij-i > r > tj. Then 
the summand on the right hand side of (12.181) is the same as the summand in (*) 
corresponding to 

(2.19) r = f, ti = it for 1 < i < j , 

s = s — 1 , ti- 1 = ti for j < i < s, 

q = tj, p = t\ + ■ • ■ + tj —i + tj +1 + -- -+ts+f — s + 1. 

Note that s = s — 1 >2 — 1 = 1; 1 < j <s = s + l; r = f>s>s — 1 = s; 

p + q = t\ + • • • + ts + f — s + 1 = n + 2; for 1 < i < j, ti = tj > f = r > tj = g; 

and, since U > 1 for all i, p > s — 1 + f — s + 1 = f > tj = q. 

Othwerwise, all Us are bigger than f. Let j be the smallest 1 < j < s such that 
tj attains the minimum value among all Us, in particular t\,..., tj —i > tj > f and 
tj+i, ■ ■ - ,ts > tj- O nce again, one can straightforwardly check that the summand 
on the right hand side of (12.181) is the same as the summand in (*) corresponding 
to the formulas in (12.191) . □ 

We now compute examples with non-trivial operations in arities 1 and 0. 

Example 2.20. We can consider the following extension of the A- infinity operad 
which has non-trivial elements in arity 1 . As a graded operad, it is freely generated 

by 

fin £ ^ 00 (^) 71—25 ^-^25 D n G ^/4-qo (n) 77 ,_i, TI ^ 1. 
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The differential on the new generators is given by 

d(D n ) = Y ((-l) (? - 1)(i - 1) /i„ o, D, - 0i ,,,). 

p+q=n +1 
l<i<p 

This is the Koszul resolution of the operad whose algebras are associative algebras 
equipped with a degree 0 derivation, considered by Loday in |LodlOj . We have 
simplified notation and adapted sign conventions to our setting. We should warn the 
reader that [LodlOj contains an obvious mistake in the grading of generators coming 
from the A-infinity operad (in fact, Loday’s differential would not be homogeneous 
with his grading). We have fixed this mistake and its consequences on signs. Let 
us sketch how the canonical strong cylinder IA^ can be computed as above, by 
using operadic suspensions. 

The operadic suspension A A^f is freely generated as a graded operad by 
Hn € AA^(n)-i, n> 2; D n G A A^(n) 0 , n > 1. 

The differential of the generators not coming from AAoo is then 
d(D n ) = (Hp{D q } — D p {flq}). 

p+q=n +1 

This operad is cellular with AAq = AAf* the initial DG-operad and 
A A„ = A A%_! U dn _ 1 ,F(k • {£>„_i,/u„}), n > 2. 

Here d n -\ is defined as the differential. Lemma f2.101 can be extended to show 


h KA Diid(D n ) = Y o'MpIhAJ 

p+q=n+l 


0 <s<r 

£iH- \-t s +q=n+l+s—r 


• ■ , cr/x* e } 


- Y vDpihVq} - Y ioD rWVti,---,VVt s }- 

p+q=n +1 


l<s<r 

iiH-h t s =n-\-s—r 


This formula, together with (11.261) and the fact that the inclusions IAAoo C 
IAA and io,ii : AAff ^AA^, are DG-operad morphisms, completely deter¬ 
mines IAA ^ as a DG-operad, and hence IA 


Our canonical strong pseudo-cylinder generalizes the classical cylinder of DG- 
algebras, regarded as DG-operads concentrated in arity 1. This is a consequence 
the following result, see (11.261) and |Bau891 §1.7]. 


Lemma 2.21. Let O be an absolutely pseudo-cellular DG-operad of length a as in 
Definition \1.24\ such that Vp is concentrated in arities 0 and 1 , f3 < a. Then, the 
following equation holds for any x G 0(1) and any y G O, 

hoh(x o 1 y) = hoh(x) cq i±(y) + (-l) |a;| *o(:r) cq h 0 h(y)- 
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Proof. A simple computation shows that the statement follows if we prove that, 
given Xi £ Vp i (l), 1 < i < n, and x n £ Vp n , 


hoii{x i o x • • ■ o x x n ) 

= ho^ + 1 ii(xi o 1 ---o 1 Xn) 

= ho i y l ii{Xi O! • • • O! Xn) 
n l -1 

™ E N| 

= 2^(-l) fc=1 *o(3q) °i • • • °i i 0 (xj-i) cq a(xj) cq ix(xj+x) cq • • •cq n(x n ), 

j =i 


where 7 = max{/3i,...,The first equation holds by definition. We check 
the other two ones by induction, first on 7 and then on the filtration degree of 
X\ cq • • ■ cq x n £ 0 1 II 3 3-{Vry) with respect to the filtration in the proof of Theorem 
lll|i.e. on the (positive) amount of numbers 1 < i < n with = 7 . Let i be the 
smallest 1 < i < n such that /3i = 7 . Then 


ho^,v y (x 1 or ■ ■ ■ or x n ) 

= ho^ii(xi cq • • • o 1 1 ) o 1 i ± (xi °i • • • °i x n ) 


i —1 

E kd 


+ (-1) 3 '- 0 iopii(xi 01 • ■ • o 1 Xi-i) cq ho^,v^ii{xi o 1 ---o 1 x n ) 
= hoJl(x 1 Cq • • • Cq Xi-l) Cq i x (Xi <q • • ■ Cq Xn) 


‘eki 


+ (-l)"'- 1 ioPh(xi cq • • • cq Xi- 1 ) cq hiii(xi) cq * 1 ( 07+1 cq • • • cq x n ) 

E kl 

+ (-l)"'- 1 lopilixi Cq • • • Cq Xi- 1) Cq lopil(Xi) Ox ho^,V^il{x i+ l 0 -X--- 0 -X Xn) 


i -1 


£ 1**1 . 


= ^(-l) fe=1 * 0 ( 27 ) Ox ■ ■ ■ Ox i 0 (xj-x) cq a(xj) ox ix(x j+ x) °x • • ■ °i h(x n ) 

3 =1 


e" 1*3 I 


+ (-1 y - 1 i 0 {xx) OX---OX i 0 (xi-x) Ox <x(xi) ox ix{x i+ x) °i • ■ • h{°ix n ) 


3 -1 

£ |*fc| 


+ £ (-l) fc=1 «o(*l) °1 • • • °! io(Xj-x) Ox cr(xj) Ox ii(x j + i) cq • • • cq ix(x n ) 


j=i +1 


3 -1 

E \x k \ 


= ^(-l) fc=1 *0(27) °i ■ ■ ■ °i *0(37-1) 01 <r(xj) cq ix(x j+1 ) cq • • • cq ix(x n ). 

j =1 


In the first two equations, we use Remark 1 1.1 51 In the third one, we apply the two 
induction hypotheses. Indeed, xx cq • • • cq Xi-x £ 0 1 and either 07+1 °i ■ ■ ■ °i x n £ 
0 7 II PiVj) has positive but smaller filtration degree or 07+1 cq • • • cq x n £ 0 7 . 
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In order to check that ho 1+1 (x\ cq • • • cq x n ) = ho^,v . 7 (xi °i • • • cq x n ), observe 
that 


9 7 ,/(*o(^i) or • • • or i 0 (xj-i) or a(xj) or zi(xj+i) or • • • or zi(x„)) 

3 — 1 

E 1**1 

= - (-l ) fc=1 zo(xr) or • • • or z 0 (xj-_i) °i ho y iid y (xj) or i 1 (xj +1 ) o 1 ---o 1 % 1 (x Tl ) 

E 1**1 

- (-l)i==i z 0 (xi) °r • • • or z 0 (xj_i) or a(xj) cq iid 1 (x j+1 or • • • or x n ). 

The second summand is clearly a linear combination of standard labeled trees as 
in Lemma Tl. 2 91 hence 

ho~,+ i(zo(*i) or • • • or z 0 (xj_i) or a(xj) or qft/xj+i °i ■ ■ ■ °i x n )) = 0. 

Moreover, using the induction hypothesis on we see that the first summand 

is also such a linear combination, therefore 

ho y ,Vy(io(xi) or ■ • • or z 0 (xj_r) °r h C i J i 1 d^(x j ) or zi(xj+i) °r ■ •• or zr(a;„)) = 0. 

This proves that h<p 7+1 (xr °r • • • or x n ) = ho~,v~ (xr or • • • or x n ) by Remark ll.191 □ 


In the conditions of the previous lemma, the operad O consists of just a DG- 
algebra 0(1) and a left 0(l)-module 0(0). It is trivial in higher arities. The full 
computation of hoii has been possible in this case since all labeled trees in 0 are 
linear and the path order coincides with the linear order. 


3. Linear DG-operads 

In this section we analyze the canonical strong pseudo-cylinder construction in a 
class of relatively pseudo-cellular DG-operads, that we call linear , where formulas 
are easy. Classical examples, such as the A-infinity DG-operad, are not linear, but 
relative examples do show up, as we will see below. 

Given a graded operad 0, recall that an 0 -module ( Mar961 Definition 1.4] is a 
sequence of graded modules M = {M(n )} ra >0 equipped with compositions, 1 < i < 
P, Q > 0 

o»: M(p) <g> 0{q) — ■» M(p+q - 1), o^: 0(p) <8>M(q) —> M(p + q - 1), 

satisfying the same laws as graded operads (d when one of the variables is in M 
and the rest in 0. These are the same as the linear modules introduced in IBJT971 
Definition 2.13] and the infinitesimal bimodules from [MV09al §3.1]. Any graded 
operad is a module over itself, and restriction of scalars is defined in the obvious 
way. 

The (aritywise) suspension E M of an 0-module M is again an 0-module with 
structure 

(ax) o t y = a(x o, y), y o 4 (ax) = (-l) |y| er(y o t x), x G M, y&O. 

Suppose now that 0 is a relatively pseudo-cellular DG-operad of length a, as 
in Definition 11.241 Recall that its underlying graded operad is 0o II JF(V), V = 
©,/ 3 <a V P- The sub-0 o -module of 0 spanned by the identity element ide> is 0o- 
The sub-0o-module (V)o 0 C 0 spanned by V corresponds, in the direct sum 
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decomposition for graded operad coproducts ( 11 . 1211 . to the direct subsum indexed 
by the trees with exactly one inner vertex of even level. 



and it is freely generated by V, compare )MV09bi , Proposition 18]. Moreover, it 
clearly satisfies 


Z(V ) O0 = (ZV)o 0 - 


We say that O is linear if the restriction of the differential to the generators of 
the free part decomposes as 



We call d° the constant part of the differential. If d° = 0, we say that O is strictly 
linear. 

Proposition 3.1. If O is a linear DG-operad as above, the canonical strong pseudo¬ 
cylinder IO has underlying graded operad OqYLF(IV), and the differential is defined 
on the free part by the following formulas, x G V, 

dio(x) = iod(x), di\(x) = i\d(x), d{<jx) = io{x) — i\(x) — crd 1 (x). 

Proof. The proof of this proposition is intertwined with the proof of the following 
technical statement. We check, by induction on the length a, that the chain homo- 
topy ho - IO —>• IO (co)restricts to the following O 0 - m odule morphism of degree 


O 0 © (IV)o 0 =O 0 ® (V)o 0 © (ZV)o 0 © (V)o 0 



(IV)oo = 00 Oo © y)o 0 © OOev 


The case a = 0 is obvious since we are taking the trivial strong pseudo-cylinder 
on Oq. If a is a limit ordinal, it follows by continuity. Let a = (3+ 1 be a successor. 
The restriction of ho to Oq coincides with ho 0 = 0. Hence, it suffices to prove 
that, for any y G JVg(n), and Xq, ..., x n G Oq, 



( 


\ 


\ 


7 
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The element 



e IO = IOp H^, T{IVp) 


has Hltration level 1, with respect to the filtration in the proof of Theorem 11.211 
Therefore, by Remark 11.181 




By linearity, dp factors as 


dp- V p 




7</3 


Vj)o 0 C Op. 


The maps io,ii- Op —> IOp (co)restrict to the left and right vertical O 0 -module 
maps in the following diagram, respectively, 


Oq © (© 7</3 V^Oo 


Oq © (© 7</ 3 V-y)o 0 © (© 7 </3 ^^ 7)00 © (© 7 </3 ^ 7)00 
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Since dpj 
that 


= (iodp -hopiidp iidp using the induction hypothesis on hop , we deduce 

\ 


hOg 



= (-l) 



where 0 = ho p dpjhi is the following product of (block) matrices, 



A straightforward computation shows that 0 = 0, hence the previous claim follows. 

As part of the proof of the previous statement, we have shown that, for any linear 
DG-operad O of any length a, and for any j3 < a, hophdp: Vp —>• IOp corestricts 
to 


( o o o o 

0 0 0(7 

V o o o o 



: v 0 - > ((B V l)o 0 © ^Vj)o 0 © {(J) V l)o 0 ■ 

7 </3 7</5 7</3 


The statement of the proposition is equivalent to this, see (11.2611 . 


□ 


Example 3.2. Let O be the operad obtained by quotienting out fi n , n > 3, from A^ 
in Example 12.201 Its algebras are non-unital DG-algebras with an up-to-homotopy 
derivation. As a graded operad, O is generated by 

P 2 G Ooo(2)q, D n (E C^ooin^n— i, n 1, 


with a single relation 


and differential 


A 4 2 °i A 4 2 = A 4 2 °2 A 4 2, 


n —1 

d(n 2 ) = 0, d(D n ) = P 2 °i D n -1 + (—1)"a ( 2 o 2 D n _i + l)" + *Z?„_i o, /r 2 . 

i —1 

The operadic suspension AO is therefore generated by 

P 2 G AOoo(2)_i, D n G A0 00 (n)o, n > 1, 

with a single relation, the same as above, and differential 

^(7*2) = 0, d(D n ) = p,2{Dn-l} — D n -i{fJ,2}- 

We regard AO as a relatively cellular DG-operad with O 0 the associative DG- 
operad, i.e. AOo is the sub-DG-operad generated by p, 2 , and 

AO„ = AO„_i II 9n _ 1 J 7 (k ■ D n ), d n -i(D n ) = d{D n ). 

Then it is strictly linear with 

d 1 (D n ) = d(D n ), n> 1. 
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Therefore, Proposition 13.11 yields 

d(<jD n ) = i 0 (D n ) - ii(D n ) - ad{D n ) 

= *o(A0 — i\{Dn) — Cr(^2{Dn-l} — D n -l{H2}) 

= io(D n ) - i\(D n ) + fi 2 {crD n -i} + aD n - 1 {^ 2 }- 

It is easy to check that this is indeed the formula obtained from (11.261) and the 
formula for h^D iid(D n ) in Example 12.201 killing <r/i„ for n > 2, for 

n > 3, and identifying *o/i 2 = *i/i 2 = P 2 - 

In the following example, a non-strict linear DG-operad is also considered. 

Example 3.3. The following linear relatively pseudo-cellular DG-operad O appears 
in IMurl4j . Fix some m > 0. As a graded operad, O is generated by 

u S 0(0) 0 , /ieO(2) 0 , v„eO(n-m) n— 2+m ? 

where n > m and S C {l,...,n} runs over all subsets of cardinality to, with 
relations 

/io 1 /j = /jo 2 /i, p oj u = id = fi o 2 u. 

The differential is defined by 

d(u) = 0, d(n) = 0; 

if (n, to) ^ (2,1), (1,1), 

= (-l) n Ii °i unless l m = n 

+ n o 2 v^Z i unless Zi = 1 

+ Y (-d.+.-i^W-Y.k 

l<u<ra+l 

l v — i <i+v—l<Zu — 1 

and if to = 1 also 

^(^l^) = 0, d[v\ 1} ) = p °i — id, d(v^) = p, o 2 — id. 

Here we denote S' = {h, ... ,/|s|}, lo = 0, ^|s|+i = n + 1, S + t = {h +t, ... ,/|s| +t}, 
and 

S v = {h,...,l v ~ i}, S' =S\S V = {Z„,...,Z| S |}, l<u<|S| + l. 

Unlike in previous cases, operadic suspension and braces do not simplify the defi¬ 
nition of O. 

This DG-operad is relatively cellular with Oq = ■ ■ ■ = O m -± the unital associa¬ 
tive operad, i.e. the suboperad generated by u and p, and 

O n = On -1 Ha n _ 1 ,F(k • {^}sc{l,...,n}), 71 > TO. 

|5|=m 

Here <9„_i is defined as the differential above. Note that O is clearly linear, even 
strictly for to > 1, but not for m = 1, since the constant part of the differential 
satisfies 

d°(4 1} ) = d°(4 2} ) = -id. 

Consider the retraction r: O Oq defined as follows, 

r ( l/ n) = 0 if (n, to) / (1,1), r(i'-f 1 ^) t-> u if m = 1. 
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Compatibility with differentials is checked in (Mnrl41 Lemma 5.9]. Denote by 
j: Oq —> O the inclusion. The equations in the proof of |Murl4( Lemma 5.9] show 
that there is a homotopy H : IO —> O, relative to O o, from the identity in O to jr, 
defined by 

H{i 0 v S n ) = H(a^) = {~l) h+1 Vnti °h u, H{i ii/f) = jr(v%). 

Therefore j is the inclusion of a strong deformation retract, in particular a homotopy 
equivalence. 

We finally compute some structure maps on canonical strong pseudo-cylinders 
of linear DG-operads. 

Definition 3.4. Let O be a relatively pseudo-cellular DG-operad. Consider the 
pasting of two canonical strong pseudo-cylinders IOifM 0 IO obtained by identifying 
the top copy of O ( i\0 ) in the first IO with the bottom copy of O (ioO) in the 
second IO. A doubling map is a map 

v : IO —> IO n U l0 IO, 

compatible with the projections onto O, sending the bottom (resp. top) copy of O 
in the source to the bottom (resp. top) copy of O in the first (resp. second) IO in 
the target. A reversing map is a map 

i: IO—+IO 

compatible with the projections onto O, sending the bottom (resp. top) copy of O 
in the source to the top (resp. bottom) copy of O in the target. 

Doubling and reversing maps allow to vertically compose and invert homotopies. 
They are important since, if O is based, i.e. equipped with a retraction O —> Oq, they 
give rise to the up-to-homotopy cogroup structure of the model theoretic (relative) 
suspension HO of O and to the coaction of HO on the relative cone CO. Using the 
chain homotopy in IO, we could give formulas for doubling and reversing maps in 
all cases. Formulas are not easy in general, so we will content ourserlves with the 
linear case. 

Proposition 3.5. Let us place ourselves in the context of Provo sition Uflf Denote 
by jo, Ji: IO —> IO^UiglO the inclusion of the first and second factor, respectively, 
which satisfy joii = jiio■ The following formulas define a doubling map and a 
reversing map in the sense of Definition \3.4[ x £ V, 

vi 0 (x) = joio(x), vii(x) = j\i\{x), u(ax) = j 0 ax + j\ax, 

iio{x)=ii(x), cii(x) = io(x), i(ax) ——ax. 

Proof. The conditions for v to be a doubling map are {p,p)v = p, vio = Jcdch an d 
vi\ = ji*i • The only part about v which is not completely trivial is compatibility 
with differentials in the third case. In order to check this, note that the third 
formula is actually true for any x £ (V)o 0 , since io,ii,jo,ji are maps relative to 
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Oq■ Therefore, 

dv(ax) = djoax + dj±ax 

= jod(ax) + jid(ax) 

= joio{x) - joh(x) - j 0 ad 1 (x) 

+ jiio(x) — jicrd 1 (x) 

= joio{x) -jiii(x) -j 0 ad 1 (x) ~j 1 ad 1 (x) 

= vio(x) — vi\(x) — vad l (x) 

= i'd(ax). 

One can similarly check that t is a reversing map. □ 
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